In this Letter, we experimentally show that transient phenomenons in self-mixing signals from a moving target contain information about the target reflectivity and distance. These transient phenomenons are well explained with a dynamical model of the laser diode, which is used to trace an abacus giving the target reflectivity and distance from a measured high-bandwidth, self-mixing signal. © 2012 Optical Society of America OCIS codes: 140.5960, 280.3420.
In this Letter, we are considering the relaxation dynamics of a long external cavity in the case of a sawtooth selfmixing signal obtained with a rotating target for sensing purpose. The behavior of a laser diode under feedback can be described by coupled delayed differential equations [ 
where nt, St and ϕt are respectively the carrier density, the number of photons and the phase of the field inside the cavity of the laser diode, I is the injection current, τ e , τ ph , τ in and τ ext are the carrier lifetime, the photon lifetime, the round-trip flight time inside the cavity and the round-trip flight time to the target. g th , n th and ω th are the gain, the carrier density and the optical pulsation at the laser threshold, α is the linewidth enhancement factor, and v g is the group velocity inside the cavity. V is the active volume of the cavity. e and c are respectively the electron charge and the speed of light in vacuum. Finally, g ∝ nt − n th is the optical gain, and ζ r 3 r 2 1 − r 2 2 describes the coupling between the laser cavity and the target: r 2 is the amplitude reflectivity of the output mirror of the cavity, and r 3 is the effective reflectivity of the target, taking into account the insertion losses in the laser cavity.
These equations can be simplified to a steady-state model generally used in sensing applications [2] [3] [4] [5] [6] , by using dn ∕ dt 0, dS ∕ dt 0 and dϕ ∕ dt ω − ω th .I n the moderate feedback regime, there are several solutions to the steady-state equations thus obtained, and a change in the laser-to-target distance can lead to a bifurcation in the set of solutions, inducing a discontinuity in the modelled power of the laser diode (Fig. 1) .
To better understand what happens at these discontinuities, we set up an experiment that allows a wide range of round-trip time τ ext and reflectivity r 3 , with a highbandwidth acquisition system. In this experiment (Fig. 2) , the beam from a Hitachi HL7851 LD is collimated and injected into an optical delay line. This delay line is made with a 90°prism that can be continuously moved along a graduated, four-meter-long optical rail while keeping its alignment. Because the beam is well-collimated in the delay line, its only effect is to lengthen the round-trip time of flight to the target by up to 25 ns, with an accuracy of 7 ps (the total round-trip time of flight is then known with an accuracy of 20 ps).
After its extraction from the delay line, the laser beam is focused on a microprism-coated rotating target, which leads to a high r 3 coefficient that can be reduced with a variable attenuator. The effect of speckle is reduced by selecting only the biggest fringes in the self-mixing signal. The laser diode is powered by a constant 120 mA current source, and a 90 MHz bandwidth transimpedance amplifier extracts the measured optical power from the monitoring photodiode included in the laser diode package.
For low r 3 , this experiment shows the quasi-sinusoidal signal predicted by the steady-state model when it has only one solution. For very high r 3 , the laser diode becomes expectedly unstable. In between the two, however, the output power of the laser diode shows highfrequency damped oscillations where the steady-state model predicts discontinuities. The classically observed waveform can be retrieved by applying a low-pass filter on the signal (Fig. 3) . The period of the damped oscillations varies linearly with τ ext , with an offset that depends on r 3 (Fig. 4) . In typical applications, the target is less than a meter away from the laser diode: This leads to a round-trip time of flight of less than 7 ns. Therefore, according to Fig. 4 , an acquisition system with at least 100 MHz of bandwidth is required to observe these damped oscillations. Such a bandwidth is not useful for most applications. To the authors knowledge, these oscillations so far have not been observed in self-mixing-based sensors.
The description of the observed behavior needs the complete dynamical model of Eqs. (1)- (3). Solving these equations with a fourth-order Runge-Kutta solver results in damped oscillations that behave as the ones seen in the experiment (Fig. 5) .
To get a more detailed view of the relationship between τ ext , r 3 and the characteristics of the damped oscillations, we have to study Eqs. (1)- (3) more closely. If we suppose that the laser diode is close to a steady state, we write: nt;St; ωt n 0 ;S 0 ; ω 0 Δnt; ΔSt; Δωt; 4 with n 0 ;S 0 ; ω 0 a steady-state solution of Eqs. (1)- (3), and Δn; ΔS; Δω ≪ n 0 ;S 0 ; ω 0 a small variation around this steady state. We also need the phase modification induced by Δω on a round trip to the target to be small, i.e.,
ΔωTdT ≪ π. By using first-order approximations, it is then possible to linearize the dynamic equations. We then suppose that:
with X n, S or ω, ΔX 0 being the amplitude at t 0 and φ X the phase of n, S or ω. Thus, we can derive an equation giving the pulsation of oscillations Ω and their decay time τ:
with
Δn 0 e jφ n ΔS 0 e jφ S −g 0
where a ∂g ∂n and g 0 is the optical gain for n n 0 . By numerically solving Eq. (6) with typical laser diode parameters [7] , we have been able to draw an abacus [ Fig. 6(a) ] giving 2π ∕ Ω and τ versus τ ext and r 3 for the oscillations occurring right after a discontinuity in the steady-state. This abacus confirms the behavior seen experimentally and by numerically solving the dynamical equations: The oscillations' period 2π ∕ Ω varies linearly with τ ext with an offset that depends on r 3 , and the decay time τ increases with r 3 and τ ext . Figures 6(b) and 6(c) are zoomed-in versions of Fig. 6(a) , which are used to illustrate how experimental and theoretical data have been cross-checked.
The high-frequency component in Fig. 3 is well fitted (using a least square algorithm), until the decay into noise at 350 ns, by a damped cosine (5) with a period of 2π ∕ Ω 15.8 0.5 ns and a decay time of τ 100 20 ns.
The high-frequency component in Fig. 3 is well fitted (using a least square algorithm), until the decay into noise at 350 ns, by a damped cosine (5) with a period of 2π ∕ Ω 15.8 0.5 ns and a decay time of τ 100 20 ns.To illustrate the possible use of the abacus, these values are reported on the abacus of Fig. 6(b) : The experimental data (black curves) with its uncertainties (light gray) encloses an area (deeper gray) in the τ ext ;r 3 -plane. The extent of this area tells that 13.8 ns < τ ext < 15 ns, and 0.7 · 10 −3 <r 3 < 1.15 · 10 −3
(black arrows). This is consistent with the experimental measurement of τ ext 14.9 0.02 ns.
In Fig. 4 , the two data points at τ ext 14.89 ns give 2π ∕ Ω 15.2 0.05 ns for the low r 3 , and 2π ∕ Ω 15.9 0.05 ns for the high one. These values are reported in Fig. 6 (c) (black curves), with their uncertainties (gray areas). The vertical line at τ ext 14.89 ns crosses these curves at r 3 15.8 and r 3 1.6, respectively, which is consistent with the tenfold ratio of r 3 between the two data points. Similar validation has been performed for all the experimental data points shown in Fig. 4 Damped oscillations in sawtooth-like self-mixing signal contain information on the target distance and reflectivity. We have shown these oscillations experimentally, and we have mapped the characteristics of these damped oscillations to the target distance and reflectivity. We have shown it is possible to estimate a target distance and reflectivity from the same self-mixing signal typically used to compute its motion.
